Abstract: In this paper, we extend Darbo's fixed point theorem in Banach space via the concept of the class of operators O(f;.) and obtain a tripled fixed point theorem. The main tool applied in our investigation is the technique of measures of noncompactness. Finally, as an application of our obtained results, we analyze the existence of solutions for a system of integral equations.
Introduction and preliminaries
The concept of a measure of noncompactness (MNC) was introduced by Kuratowski (1930) . These measures are very useful tools in the wide area of nonlinear functional analysis. Darbo's fixed point theorem (Darbo, 1955) which ensures the existence of fixed point is an important application of this measure, since it generalizes both the classical Schauder fixed point and Banach contraction principle. Thereafter, many papers have been studied in the MNC and it's application, see for example (Aghajani et al., 2014; Aghajani, Banás, & Jalilian, 2011; Aghajani, Banás, & Sabzali, 2013; Banaei, 2018; Banaei, & Ghaemi, 2019; Banaei, Ghaemi, & Saadati, 2017; Habib, & Benaicha, 2018; Ilkhan, & Kara; Mondal, 2019) . The aim of this paper is to generalize the Darbo's fixed point theorem via the concept of the class of operators Oðf ; :Þ and extend the results of the theorems in, (Samadi, & Ghaemi, 2014) . In this work, first, some definitions and results are Shahram Banaei ABOUT THE AUTHOR Shahram Banaei The research field of author is fixed point theory with its applications. He is assistant professor and faculty member in Islamic Azad university. The author has studied Darbo's fixed point theorem in Banach space. Also, he give an application of their obtained results and analyze the existence of solutions for a system of integral equations by using the technique of measure of noncompactness.
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Metric fixed point theory is a powerful tool for solving many problems in various parts of mathematics and its applications. In particular, the technique of measure of noncompactness is a very useful tool for studying the existing solutions of integral equations. In this paper, we extend the Darbo's fixed point theorem and analyze the existence of solutions for a system of integral equations.
recalled. In the second section, main results and an extension of Darbo fixed point theorem are presented. finally, we apply our extension to study the existence of solutions for the system r; u; v; w; zðu; v; wÞ; yðu; v; wÞ; xðu; v; wÞdudvdw
(1:1) where t; s; r 2 R þ ; x; y; z 2 E. Now, we introduce some notations and definitions which are used throughout this paper. Let R be the set of real numbers, R þ ¼ ½0; 1Þ and ðE; k : kÞ be a real Banach space with the zero element 0. We write Bðx; rÞ to denote the closed ball centered at x with radius r. If X be a nonempty subset of E then the symbols X and Conv X stand for the closure and closed convex hull of X, respectively. Moreover, M E is the family of nonempty bounded subset of E and N E denote its subfamily consisting of all relatively compact sets. Definition 1.1 (Banas & Goebel, 1980) . A mapping μ : M E ! ½0; 1Þ is said to be a measure of noncompactness in E if it satisfies the following conditions:
2 Ã X Y ) μðXÞ μðYÞ.
3 Ã μðXÞ ¼ μðXÞ.
4 Ã μðConv XÞ ¼ μðXÞ.
5 Ã μðλX þ ð1 À λÞYÞ λμðXÞ þ ð1 À λÞμðYÞ for λ 2 ½0; 1.
6 Ã If ðX n Þ 2 M E such that X nþ1 X n for n ¼ 1; 2; 3; ::: and lim n!1 μ ðX n Þ ¼ 0, then
The following concept of Oðf ; :Þ was given by Altun and Turkoglu (Altun & Turkoglu, 2007) . Let Fð½0; 1ÞÞ be the class of all functions f : ½0; 1Þ ! ½0; 1Þ and let Θ be the class of all operators Oð; ÁÞ : Fð½0; 1ÞÞ ! Fð½0; 1ÞÞ; f ! Oðf ; ÁÞ satisfying the following conditions: ð1Þ Oðf ; tÞ > 0 for t > 0 and Oðf ; 0Þ ¼ 0.
ð2Þ Oðf ; tÞ Oðf ; sÞ for t s.
ð3Þ lim n!1 Oðf ; t n Þ ¼ Oðf ; lim n!1 t n Þ. ð4Þ Oðf ; maxft; sgÞ ¼ maxfOðf ; tÞ; Oðf ; sÞg for some f 2 Fð½0; 1ÞÞ. Definition 1.2. (Banaei, Ghaemi, & Saadati, 2017) . A triple ðx; y; zÞ of a mapping T : X Â X Â X ! X is called a triple fixed pointed if Tðx; y; zÞ ¼ x; Tðy; x; zÞ ¼ y; Tðz; y; xÞ ¼ z:
The following theorems are basic for our main results. Theorem 1.1. (Schauder (Akmerov, Kamenski, Potapov, Rodkina, & Sadovskii, 1992) ). Let C be a nonempty, bounded, closed and convex subset of a Banach space E. Then every compact and continuous map T : C ! C has at least one fixed point. Theorem 1.2 . (Darbo 1955) . Let C be a nonempty, bounded, closed and convex subset of a Banach space E and T : C ! C be a continuous mapping. Assume that there exists a constant K 2 ½0; 1Þ such that μ ðTXÞ Kμ ðXÞ for any nonempty subset X of C, where μ is a MNC defined in E. Then T has at least a fixed point in C. Theorem 1.3. (Aghajani, 2014) . Let μ 1 ; μ 2 ; μ 3 ; :::; μ n are measures of noncompactness in E 1 ; E 2 ; E 3 ; :::; E n respectively. Suppose F : ½0; 1Þ n ! ½0; 1Þ is a convex function and Fðx 1 ; x 2 ; x 3 ; :::; x n Þ ¼ 0 if and only if x i = 0 for i ¼ 1; 2; 3; :::; n: Then, the function e μðXÞ = Fðμ 1 ðX 1 Þ; μ 2 ðX 2 Þ; μ 3 ðX 3 Þ; :::; μ n ðX n ÞÞ defines a measure of noncompactness in E 1 Â E 2 Â E 3 ; ::: Â E n , where X i denote the natural projection of X into E i for i ¼ 1; 2; 3; :::; n. 
defines an MNC in the space E 1 Â E 2 Â E 3 where X i , ði ¼ 1; 2; 3Þ are the natural projection of X into E i .
Samadi and Ghaemi (Samadi, 2014 ) generalized Darbo's fixed point theorem as fallow.
Theorem 1.4. Let U be a nonempty, bounded, closed and convex subset of a Banach space E. Assume F : U ! U be a continuous operator such that satisfying ψðμ ðFðXÞÞÞ ϕ ðψðμ ðXÞÞÞ ψ ðμ ðXÞÞ for all nonempty subset X of U, where μ is an arbitrary MNC in E, ψ: R þ ! R þ is nondecreasing function such that ψðtÞ ¼ 0 if and only if t=0 and ϕ : ½0; 1Þ ! ½0; 1Þ is a continuous function such that lim sup t!r ϕðtÞ < 1 for all r ! 0. Then F has a fixed point in U.
The Darbo's fixed point theorem is followed if ψ ¼ I (identity map) and ϕ ¼ K in the Theorem 1.4. Now we recall one of the theorems in this paper which extends and generalizes Darbo's fixed point theorem by using the concept of O ðf ; :Þ. Theorem 1.5. Let C be a nonempty, bounded, closed and convex subset of a Banach space E and T : C ! C be a continuous operator such that ψ½O ðf ; μ ðTXÞÞ Φ ½ψ ðO ðf ; μ ðXÞÞÞ ψðμ ðXÞÞ;
for X of C, O ð; ÁÞ 2 Θ and ψ: R þ ! R þ is a nondecreasing function such that ψðtÞ ¼ 0 if and only if t=0. Let Φ : ½0; 1Þ ! ½0; 1Þ is a continuous function such that lim n!1 Φ n ðtÞ ¼ 0 for each t ! 0, where
The following Corollary is immediate of Theorem 1.5.
Corollary 1.6. Let C be a nonempty, bounded, closed and convex subset of a Banach space E, T : C ! C and ψ: R þ ! R þ are continuous functions. Suppose that there exists a constant 0 < λ < 1 such that for all X C, ψ½O ðf ; μ ðTXÞÞ λ½ψ ðO ðf ; μ ðXÞÞÞ ψðμ ðXÞ;
where μ is an arbitrary measure of noncompactness and Oð; ÁÞ 2 Θ. Then T has at least one fixed point in C.
Remark 1.3. The Darbo's fixed point theorem is followed if O ðf ; tÞ ¼ t, f ¼ I and ψ ¼ I in Corollary 1.6.
Main results
In this section, we state one of the main results in this paper which extends and generalizes Darbo's fixed point theorem by using the concept of O ðf ; :Þ.
(2.1) Theorem 2.1. Let C be a nonempty, bounded, closed and convex subset of a Banach space E and T : C Â C Â C ! C be a continuous function such that
for any subset X 1 ; X 2 ; X 3 of C, where μ is an arbitrary MNC, Φ : ½0; 1Þ ! ½0; 1Þ is nondecreasing function such that lim n!1 Φ n ðtÞ ¼ 0 for t ! 0 and ψ: R þ ! R þ is a continuous function such that ψðtÞ ¼ 0 if and only if t=0. Also, Oð; ÁÞ 2 Θ and O ðf ; max ft; r; sgÞ ¼ maxfO ðf ; tÞ; O ðf ; sÞ; O ðf ; rÞg for all t; s; r ! 0. Then T has at least a tripled fixed point.
Proof. From Remark 1.1 we have e μðXÞ ¼ maxfμðx 1 Þ; μðx 2 Þ; μðx 3 Þg. Now we define a mapping e T : C Â C Â C ! C Â C Â C by e Tðx; y; zÞ ¼ ðTðx; y; zÞ; T ðy; x; zÞ; Tðz; y; xÞÞ:
It is clear that e T is continuous. We prove that e T satisfies all the conditions of Theorem 1.5. Let X C Â C Â C be any nonempty subset. By (2.1) and 2 Ã we obtain From Theorem 1.5 deduce that e T has at least a fixed point in C Â C Â C and T has at least a tripled fixed point.
As application of Theorem 2.1, we can get the following theorem.
(2.2) Theorem 2.2 Let C be a nonempty, bounded, closed and convex subset of a Banach space E and T : C Â C Â C ! C be a continuous function such that
for any subset x 1 ; x 2 ; x 3 of C, where μ is an arbitrary MNC, Φ : ½0; 1Þ ! ½0; 1Þ is nondecreasing function such that lim n!1 Φ n ðtÞ ¼ 0 for t ! 0 and ψ: R þ ! R þ is a continuous function such that ψðtÞ ¼ 0 if and only if t=0. Also, O ð; ÁÞ 2 Θ and O ðf ; t þ r þ sÞ O ðf ; tÞ þ O ðf ; sÞ þ O ðf ; rÞ for all t; s; r ! 0. Then T has at least a tripled fixed point.
PROOF. From Remark 1.1, we know that e μðXÞ ¼ μðx 1 Þ þ μðx 2 Þ þ μðx 3 Þ is a MNC. Now we define a mapping e T : C Â C Â C ! C Â C Â C by e Tðx; y; zÞ ¼ ðTðx; y; zÞ; Tðy; x; zÞ; Tðz; y; xÞÞ:
It is clear that e T satisfies all the conditions of Theorem.
Corollary 2.3. Let C be a nonempty, bounded, closed and convex subset of a Banach space E and T : C Â C Â C ! C be a continuous function such that
for any subset X 1 ; X 2 ; X 3 of C, where μ is an arbitrary MNC. Also, Φ : ½0; 1Þ ! ½0; 1Þ is a nondecreasing function such that lim n!1 Φ n ðtÞ ¼ 0 for t ! 0. Then T has at least a tripled fixed point.
Application
In this section as an application of Theorem 2.2, we study the existence of solutions for the system of integral Equations (1.1). Let the Banach space BC ðR þ Â R þ Â R þ Þ consisting of all real functions defined, bounded and continuous on R þ Â R þ Â R þ equipped with the standard norm k x k¼ supfjxðt; s; rÞj : t; s; r ! 0g:
We will use a measure of noncompactness in the space BC ðR þ Â R þ Â R þ Þ, which is given in (Banás & Goebel, 1980) . Let X be fix a nonempty bounded subset of BCðR þ Â R þ Â R þ Þ and a positive number T > 0. For x 2 X and > 0 we denote Now consider the following assumptions: uniformly respect to x 1 ; y 1 ; z 1 ; x 2 ; y 2 ; z 2 2 E: and a positive constant D such that jf ðt; s; r; x 2 ; y 2 ; z 2 Þ À f ðt; s; r; x 1 ; y 1 ; z 1 Þj a 1 ðt; s; rÞΦðjx 2 À x 1 j þ jy 2 À y 1 j þ jz 2 À z 1 jÞ D þ Φðjx 2 À x 1 j þ jy 2 À y 1 j þ jz 2 À z 1 jÞ ; and jgðt; s; r; x 2 ; y 2 ; z 2 Þ À gðt; s; r; x 1 ; y 1 ; z 1 Þj a 2 ðt; s;
for all t; s; r 2 R þ and x 1 ; y 1 ; z 1 ; x 2 ; y 2 ; z 2 2 R. We suppose that Φ has the property ΦðtÞ þ ΦðsÞ þ ΦðrÞ Φðt þ s þ rÞ for all t; s; r 2 R þ . Moreover, we assume that 3Kð1 þ MÞ D.
; s; rÞ ¼ jf ðt; s; r; 0; 0; 0Þj and H 2 ðt; s; rÞ ¼ jgðt; s; r; 0; 0; 0Þj are bounded on R þ Â R þ Â R þ with
(3.1) Theorem 3.1 If the assumptions ðA 1 Þ-ðA 5 Þ are satisfied, then the system of integral Equations (1.1) has at least one solution ðx; y; zÞ 2 E Â E Â E.
Proof : Define the operator T : E Â E Â E ! E associated with the system of integral Equations (1.1) by We divide our proof in three steps.
Step 1: In the first step we prove that T transforms the space E Â E Â E into E.
Obviously, that Tðx; y; zÞ is continuous on s; r; u; v; w; xðu; v; wÞ; yðu; v; wÞ; zðu; v; wÞÞjdudvdw M: By ðA 4 Þ, we have k Tðx; y; zÞ k
Therefore, T maps the space E Â E Â E into E and TðB r Â B r Â B r Þ B r , where r ¼k a k þðK þ H 0 Þð1 þ MÞ:
Step 2: We prove that the map T : B r Â B r Â B r ! B r is continuous.
Let us fix arbitrarily > 0 and take ðx; y; zÞ; ðm; n; pÞ 2 B r Â B r Â B r such that k ðx; y; zÞ À ðm; n; pÞ k : Then jðTðx; y; zÞðt; s; rÞÞ À ðTðm; n; pÞðt; s; rÞÞj ¼ jf ðt; s; r; xðt; s; rÞ; yðt; s; rÞ; zðt; s; rÞÞ þ gðt; s; r; xðt; s; rÞ; yðt; s; rÞ; zðt; s; rÞÞ½Fðx; y; zÞðt; s; rÞ À f ðt; s; r; mðt; s; rÞ; nðt; s; rÞ; pðt; s; rÞÞ À gðt; s; r; mðt; s; rÞ; nðt; s; rÞ; pðt; s; rÞÞ½Fðm; n; pÞðt; s; rÞj jf ðt; s; r; xðt; s; rÞ; yðt; s; rÞ; zðt; s; rÞÞ À f ðt; s; r; mðt; s; rÞ; nðt; s; rÞ; pðt; s; rÞÞj þ jgðt; s; r; xðt; s; rÞ; yðt; s; rÞ; zðt; s; rÞÞjjFðx; y; zÞðt; s; rÞ À Fðm; n; pÞðt; s; rÞj þ jgðt; s; r; xðt; s; rÞ; yðt; s; rÞ; zðt; s; rÞÞ À gðt; s; r; mðt; s; rÞ; nðt; s; rÞ; pðt; s; rÞÞjjFðm; n; pÞðt; s; rÞj a 1 ðt; s; rÞΦðjxðt; s; rÞ À mðt; s; rÞj þ jyðt; s; rÞ À nðt; s; rÞj þ jzðt; s; rÞ À pðt; s; rÞjÞ D þ Φðjxðt; s; rÞ À mðt; s; rÞj þ jyðt; s; rÞ À nðt; s; rÞj þ jzðt; s; rÞ À pðt; s; rÞjÞ þ ½ KΦðjxðt; s; rÞj þ jyðt; s; rÞj þ jzðt; s; rÞjÞ D þ Φðjxðt; s; rÞj þ jyðt; s; rÞj þ jzðt; s; rÞjÞ þ H 0 jFðx; y; zÞðt; s; rÞ À Fðm; n; pÞðt; s; rÞj þ ½ a 2 ðt; s; rÞΦðjxðt; s; rÞ À mðt; s; rÞj þ jyðt; s; rÞ À nðt; s; rÞj þ jzðt; s; rÞ À pðt; s; rÞjÞ D þ Φðjxðt; s; rÞ À mðt; s; rÞj þ jyðt; s; rÞ À nðt; s; rÞj þ jzðt; s; rÞ À pðt; s; rÞjÞ M
jFðx; y; zÞðt; s; rÞ À Fðm; n; pÞðt; s; rÞj:
By using condition ðA 2 Þ there exist T > 0 such that for t > T jFðx; y; zÞðt; s; rÞ À Fðm; n; pÞðt; s; rÞj u; v; w; xðu; v; wÞ; yðu; v; wÞ; zðu; v; wÞÞ À kðt; s; r; u; v; w; mðu; v; wÞ; nðu; v; wÞ; pðu; v; wÞÞdudvdw : (3:5) Suppose that t; s; r > T: We have from (3.4) and (3.5) jTðx; y; zÞðt; s; rÞ À Tðm; n; pÞðt; s; rÞj < : (3:6) If t; s; r 2 ½0; T, then we obtain jFðx; y; zÞðt; s; rÞ À Fðm; n; pÞðt; s; rÞj α 3 T ω 1 ðk; Þ:
where α T ¼ supfα i ðtÞ : t 2 ½0; T; i ¼ 1; 2; 3g; supfjkðt; s; r; u; v; w; x; y; zÞ À kðt; s; r; u; v; w; m; n; pÞj : t; s; r 2 ½0; T; u; v; w 2 ½0; α T ; x; y; z; m; n; p 2 ½Àr; r; k ðx; y; zÞ À ðm; n; pÞ k g:
By using continuity of k on ½0; T Â ½0; T Â ½0; T Â ½0; α T Â ½0; α T Â ½0; α T Â ½Àr; r Â ½Àr; r Â ½Àr; r; we have ω 1 ðk; Þ ! 0 as ! 0:
From inequalities (3.4) and (3.7) we deduce that jTðx; y; zÞðt; s; rÞ À Tðm; n; pÞðt; s; rÞj þ ½K þ H 0 α 3 T ω 1 ðk; Þ: (3:8)
We conclude that T is continuous on B r Â B r Â B r :
Step 3: Now we prove that for any nonempty set X 1 ; X 2 ; X 3 B r ,
By using assumptions ðA 1 Þ À ðA 5 Þ for any ðx; y; zÞ; ðm; n; pÞ 2 X 1 Â X 2 Â X 3 and t; s; r 2 R þ ;
jðTðx; y; zÞÞðt; s; rÞ À ðTðm; n; pÞÞðt; s; rÞj s; r; u; v; w; xðu; v; wÞ; yðu; v; wÞ; zðu; v; wÞÞ ( À kðt; s; r; u; v; w; mðu; v; wÞ; nðu; v; wÞ; pðu; v; wÞÞdudvdw : x; y; z 2 E ) :
Now we have By applying Corollary 2.3 the desired result is obtained.
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